Abstract. This work addresses the problem of a priori error analysis for the finite volume approximation of solutions of the p-laplacian on cartesian grids. We first recall the way we constructed such schemes and the different error bounds we proved in our previous works. Then we concentrate particularly on the case where the exact solution has only weak regularity properties (which are natural for this problem) of Besov kind with derivation index in between 1 and 2. In this framework, the usual techniques to obtain error estimates for finite volumes schemes are not straightfoward to apply. Hence, we propose to take advantage of the variational structure of the equation and the schemes in order to obtain the error bounds. In the case of uniform meshes, this strategy was succesfully applied in [2] to obtain optimal estimates. We propose in this work to extend this approach to a more general family of quasi-uniform meshes.
Introduction
In this article we are interested in the finite volume numerical approximation on rectangular meshes of solutions to the p-laplacian with homogeneous Dirichlet boundary conditions (1 < p < +∞):
where the rectangular domain is Ω = [0,
Assume L x = L y = 1 for simplicity. Even though the problem above is well-posed for any f ∈ W −1,p ′ (Ω), p ′ = p p−1 , we are interested here in the case where f ∈ L p ′ (Ω). In some previous works [1] [2] [3] , we carried out the error analysis for a family of "variational" finite volume schemes on cartesian meshes for this problem. The cartesian geometry of the grids we consider is of course restrictive but has the advantage to lead to relatively simple nine-points schemes, for which much deeper analysis can be performed. Moreover, using a fictitious domain and penalization approach, it is possible to reduce the resolution of (1) on any domain to cartesian geometries (see [1] for some details). Finally, we refer to [4, 7] for the study of finite volume schemes for such nonlinear monotonic elliptic equations on much more general grids than cartesian ones. The error analysis available for these schemes cover the case of W 2,p solutions but, to our knowledge, the case of Besov solutions is far from being understood in this more general setting.
In [1] , assuming the W 2,p regularity of the exact solution u of (1), we derive estimates of order p − 1 for p ∈ (1, 2], and of order 1/(p − 1) for p ≥ 2 for the schemes under study in this paper; these estimates are in discrete W 1,p norm. In [3] , assuming the W 4,1 regularity of u and the uniformity of the meshes, we improve these estimates (we get in particular the 2/(p − 1) convergence rate for p ≥ 4) and also derive L ∞ and W
1,1
superconvergence estimates that are sharp in some cases.
Note that in the case p ∈ (1, 2], the W 2,2 regularity holds true whenever f ∈ L p ′ (Ω). The situation for p > 2 is quite different. The following Besov regularity result (the definition and description of Besov spaces are recalled in the sequel) due to Simon [10] is essentially sharp:
, the unique solution to (1) lies in the Besov space B
Moreover, to our knowledge no regularity assumption on f is known to imply W 2,p regularity of the solution u for p > 2 (except for the particular case of solutions without critical points; see the discussion in [3] ).
Inspired by the "natural" regularity result of Theorem 1.1, we introduced in [2] the "discrete Besov" framework for uniform cartesian meshes and carried out the corresponding error analysis: the convergence rate of 2 p(p−1) was obtained. Note that the numerical resultats provided in [2] suggest that this rate is optimal for solutions in B
The sharp technique used for the error analysis in [2] is adapted from the work [6] (based on the original idea in [12] ), concerning the improvement of the error bound for P 1 finite element approximation of W 2,p solutions. Note that the adaptation of the "finite element" technique of [6, 12] to the finite volume framework is not straightforward, and makes it necessary to work in the natural regularity space B
The goal of the present paper is to extend the discrete Besov error analysis to some non-uniform cartesian meshes. The idea is to use the characterization of Besov spaces by non uniform "translation operators", that is flows along C 2 vector fields. This induces a restriction on the geometry of the mesh (see (2) ,(3) below) which means that the mesh parameters change in a smooth C 2 way from one cell to any of its neighbors. Although the present ideas can be applicable for very particular non quasi-uniform cartesian meshes, the problem of extending the discrete Besov analysis to non regular (especially non cartesian) meshes seems to be open and quite challenging.
Note that the results of this paper extend in a straightforward way to more general nonlinear elliptic equations arising from the minimization of a functional defined on W The outline of this paper is the following. In section 2, we describe the meshes we are interested in, we also introduce some notations and we finally recall the definition of the finite volume schemes under study. In section 3, we state the main result of this paper (Theorem 3.1) which provides an error bound for Besov solutions of the p-laplacian then we recall the main steps of the proof (following [2] ). Finally in section 4, we give the proofs of Propositions 3.3 and 3.4 in the case of the quasi-uniform meshes under study.
The finite volume scheme

Definition of the meshes
We consider in this paper families of rectangular meshes defined on the domain Ω. They are assumed to be belong the class C defined as follows: we suppose given two increasing C 2 diffeomorphisms from R onto itself denoted g x , g y and such that g x (0) = g y (0) = 0, g x (1) = g y (1) = 1. We denote by g = g x ⊗ g y the map defined by g(x, y) = (g x (x), g y (y)) and by θ x , θ y the two vector fields given by θ x (x, y) = 1/2(g 2 through the map g. In this setting, the control volumes K ij and their centers x K ij (which are not the geometric centers of the control volumes) are defined by
for any 1 ≤ i ≤ N x and 1 ≤ j ≤ N y . In order to measure the regularity of this family of meshes, we introduce
finally the size of the mesh is defined by size(T ) = max ij diam(K ij ). As in [1, 2] , we introduce artificial control volumes outside the domain obtained by symmetry with respect to the boundaries of Ω in order to treat the boundary conditions. Now we can define the dual control volumes K * as the rectangles whose vertices are the points x K of four adjacent control volumes (see Figure 1 ). dual mesh T * mesh T 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 
Note that for boundary dual control volumes, ghost cells are used in order to give sense to the definition of T K * . For instance, if K * is located at the right boundary of Ω, we have by definition u
Discrete Lebesgue, Sobolev and Besov norms
Denote by 1 K the characteristic function of the control volume K. Each discrete function u T ∈ R T is identified with the bounded function u
Then, we define the discrete W
The following Poincaré inequality holds in this discrete setting (see [1, Lemma 2.4] and [5] ):
Let us comment on the definition (5). The Besov space B 1+α,p ∞
(Ω) can be defined, for instance, as the real interpolation space (W 1,p (Ω), W 2,p (Ω)) α,∞ by the K-method of Peetre (see [8, 11] ). It can also be characterized by means of translation-like operators as follows. For any vector field θ ∈ C 2 (R 2 , R 2 ) we denote by e sθ its corresponding flow defined by
We also introduce, for any s > 0, the set Ω
In the same spirit, the quantity u T 1+α,p,T contains translation information on u T that encodes its discrete Besov regularity. Proposition 3.3 below links the discrete and continuous Besov semi-norms.
Description of the finite volume approximation
The general form of symmetric, locally conservative finite volume schemes (with reasonable stencil) on cartesian meshes that are consistent with piecewise affine functions was described in [1] . It was assumed that x K is the geometrical center of the control volume x K but this is in fact unnecessary (as soon as the dual control volumes are still rectangular) and the properties of the schemes still hold. These schemes can be written as the following system of nonlinear equations:
where u T ∈ R T is the discrete function called approximate solution and f K the mean value of the function f on each control volume K. Furthermore, for each dual control volume K * , the maps a K * : R 4 → R 4 acting on the four values (u T i,K * ) {i=1,2,3,4} are defined by:
where B K * is a 4 × 4 symmetric matrix defined by the choice of one parameter ξ K * as follows:
so that (B K * v, v) 1/2 is an approximation of the norm of the gradient of the solution in the dual control volume K * . Such a finite volume scheme on the mesh T is then completely characterized by the family of parameters
In order for the scheme to be well-defined we need that 2ξ
> 0, in which case B K * is positive with rank 3.
As shown in [1] , (7)- (8) ensure the consistency and the symmetry of the scheme. In addition to reg(T ) in (3), we define two quantities measuring regularity of the meshes and the schemes. Definition 2.1. For a given mesh T and a set of parameters Ξ = (ξ
, and reg(Ξ) = max
Here and in the sequel C denotes a generic constant depending only on p, Ω, reg(T ), adm(T , Ξ) and reg(Ξ). We refer to [1, 2] for precise dependencies in each case. Using this convention we have (see [ 
Discrete energy
We call discrete energy of the scheme the following functional J T , depending on Ξ, acting on discrete functions
For any p > 2, we have (see [1, Corollary 2.11])
This implies that J T is strictly convex and coercive. It is then easy to see that its unique minimizing point u T is the unique solution of the discrete equations (6) and satisfies in addition the estimate
Error analysis for solutions with Besov regularity
We can now prove the following error estimate for the solutions to (1) for any source term f ∈ L p ′ (Ω), that is to say for any solution lying in B
(Ω) (thanks to Theorem 1.1).
Theorem 3.1. Let p > 2 and T be a mesh of Ω in the class C of quasi-uniform meshes defined in Section 2.1. For any f ∈ L p ′ (Ω), we have
In this estimate u T is the unique solution to the scheme (6) and u T the projection of the exact solution u of (1) defined by u K = u(x K ), for any K ∈ T .
Just like in [2] , in the case 2 < p < 3, if f lies in the Hölder space C 0,
(Ω) then we can recover an error estimate in size(T ) 2 p(p−1) , which approaches the first order convergence when p tends to 2. This result is formally the same than in [2] except the fact that we allow more general non-uniform meshes in the present work. The overall principle of the proof is the same than in this reference. We only recall here the main steps, the details being available in [2] . We finally give in section 4 the detailed proofs of the new elements necessary to take into account non uniform meshes.
Sketch of proof. For v
T ∈ R T , define by Π T v T the piecewise affine interpolation of v T on triangles obtained by bissection of dual control volumes (see [2] for details). Since the approximate solution u T is the minimizer of
(Ω), the third term is non-positive. We choose now v = Π T u T and we get
The middle term is classically estimated, using P 1 -finite element interpolation results, by
The other two terms in the right hand side in (13) are similar. One needs to control difference between J(Π T ·) and J T (·) for both u T and u T . This can be done in terms of the discrete Besov norms as follows. 
Finally, Theorem 3.1 will be proved if we manage to prove a uniform bound of the discrete Besov semi-norm of the approximate solution u T and of the projection of the exact solution u T , using the fact that we know that
(Ω) by Theorem 1.1. These two uniform bounds were obtained in [2] in the case of uniform cartesian meshes and uniform scheme (that is when ξ K * = const). The proof given in this reference really relies on the uniformity of the mesh. At the present time we are not able to prove these estimates in the case of general cartesian mesh.
Nevertheless, in the framework of some quasi-uniform cartesian meshes as defined in Section 2.1, we prove in Section 4 the two following results which permit us to conclude the proof of the error estimate using (13), (14) and Proposition 3.2.
Proposition 3.4 (Discrete analogue of Theorem 1.1).
For any f ∈ L p ′ (Ω), the solution u T of (6) satisfies u
Discrete Besov estimates
Discrete estimate for the projection of a function. Proof of Proposition 3.3
The proof in the case of uniform meshes relies on sharp estimates of the (1 + α)-th order differential quotients appearing in the discrete Besov norm (5) by means of translation integral terms on the gradient of the function. More precisely, we shown the following estimate for any
where τ a,b is the translation operator τ a,b v(·, ·) = v(· + a/2, · + b/2). Unfortunately, this estimate is not directly usable in the present form for non uniform meshes since all the translation operators in the right-hand side may be different from one dual control volume to another and thus we do not find a bound of the discrete Besov semi-norm of v T as a function of a quantity v τ,B 1+α,p ∞ for a unique given translation operator τ . Nevertheless, in the framework of smooth cartesian meshes as defined in the introduction, we can recover a usable estimate by performing a change of variables. More precisely, we define on Ω = [0, 1] 2 the functioñ v = v • g, where g is defined in section 2. We can now apply (15) toṽ on the dual control volume g −1 (K * ) of the uniform mesh on Ω (whose vertices are denoted by x 1 , . . . , x 4 ):
Summing all these estimates over the set of dual control volumes we find
We just have now to bound the right-hand side above in terms of the norms of v on the original domain Ω. To this end, we compute
Using the change of variables g (whose Jacobian is bounded by reg(T )), we obtain
By definition of the vector fields θ x and θ y (given in Section 2), we clearly have
so that we finally get that v
4.2. Discrete a priori estimate for the approximate solution. Proof of Proposition 3.4
We reproduce, at the discrete level, the arguments of the proof of Theorem 1.1 given in [10] . First of all, just like in [2] , it is possible to suppose that the boundary conditions are periodic (by extending the domain and the data by symmetry to a larger domain). Let us introduce the translation operators, for instance in the x direction. We denote by τ K (resp. τ K * ) the right neighbor of K (resp. K * ) -taking into account the periodicity condition if necessary. In the same way we introduce τ −1 K and τ
Replacing
for any K * , we can change K * into τ K * in the left-hand side and K into τ K in the right-hand side. We obtain
Subtracting (16) from (17) we get
Introducing the operator
we deduce
It is shown in [2] that, for p > 2, the left-hand side of (19) controls the discrete W 1,p norm of the difference τ u T − u T . Therefore (19) yields
The first term in the right-hand side of (20) is estimated, as in [2] , as follows:
In order to evaluate the second term in (20), which is new since it comes from the non-uniformity of the meshes, we need to estimate D K * (w) defined in (18). 
Proof. The first estimate follows immediately from (3), the explicit formula (8), Definition 2.1 and (9). Notice that we use here the fact that B K * and B τ K * have the same kernel Span{(1, 1, 1, 1) t }, which is denoted by E 0 in the sequel. The second estimate is a straightforward consequence of the first one.
In order to prove (23), we use the following Lipschitz property of the square root operator over the set of symmetric definite positive (s.d.p.) matrices:
For any λ 1 , λ 2 > 0, there exists M λ1,λ2 > 0 such that This property is a consequence of the Cauchy integral formula. We established during the proof of (9) (see [1, Lemma 2.8] ) that the restriction of B K * to E ⊥ 0 is definite positive and its spectrum lies in It is well known that there exists M > 0 depending only on p ≥ 2, such that for any n ≥ 1 |ξ| p−2 ξ − |η| p−2 η ≤ M |ξ − η|(|ξ| p−2 + |η| p−2 ), ∀ξ, η ∈ R n .
Hence, using (23), we can control the second term in the right hand side of (25) (denoted by T ) by T ≤ m(K * ) (|B
